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Nanofluidic systems
Transport in nanoconfined liquids è present-day applica4ons! 

Waste heat harves*ngBlue energy harves*ng
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Also: water treatment, biology, geology, lubrica4on, medical/chemical analysis…

Op4mizing the performance è surface effects



Interfacial hydrodynamics 3

Par$al slip boundary condi$on

(fluid) fricCon coefficient
(Navier, 1823)
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= ⇥ vslip

b = �/⇥Slip length

Bocquet & Barrat, SoO MaPer 2007

Large impact on nanoscale transport… 

Op#mize liquid-solid slip / fric#on ? 

Experiments & simula*ons è b from 1 nm to a few 100 nm



Liquid-solid fric8on: quantum vs classical 4

Quantum contribu$on to fric$on 
Ø coupling of charge fluctua1ons in the liquid to 

electronic excita1ons in the solid 
Ø marked difference in quantum fric1on between the 

water–graphene and water–graphite interface 

Kavokine, Bocquet, Bocquet, Nature 2022

Huang et al., PRL 2008

Experiments Simula7ons 

Bocquet & Charlaix, Chem. Soc. Rev. 2010

Large 
quan*ta*ve 
difference! 
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with γ ≈ 25 meV the surface plasmon width30 and θ the Heaviside step 
function. Using this expression in equation (6), we obtain a water quan-
tum friction coefficient λ = 0.4 × 10 N s mQ

3 −3  for q = 0.2 Åmax
−1

 and 
λ = 5 × 10 N s mQ

3 −3 for q = 0.4 Åmax
−1

. This is orders of magnitude larger 
than the expected value for graphene (Fig. 4c) and comparable to the 
upper bound for the classical contribution λCl

max. Hence, the Drude 
model estimate suggests that the quantum contribution may account 
for the difference in hydrodynamic slippage between monolayer gra-
phene and multilayer graphite.

Going beyond a phenomenological treatment for the water– 
graphite quantum friction is particularly challenging, due to the very 
large unit cell required for a numerical investigation of low-energy 
and high-momentum surface excitations32. We propose here a simpli-
fied microscopic model to extract the essential physics at play.  
Our starting point is that the free charge carriers contributing to the 
low-energy plasmon are located mainly on the B sublattice33 (Fig. 4b). 
The flat plasmon dispersion has been attributed to the shape of  
the bands containing those free carriers30. As a consequence of  
interlayer coupling, these are nearly flat up to parallel momentum 
k γ v≈ / = 0.06 − 0.11 Å ,1 F

−1
 with γ1 the nearest-neighbour interlayer cou-

pling parameter (Fig. 4b) and vF the graphene Fermi velocity. Then, 
from the perspective of low-energy excitations, graphite may be 
pictured as an array of independent one-dimensional chains extend-
ing perpendicular to the layers, at least within a certain momentum 
range. This assembly of localized oscillators is then expected to have 
excitations whose energy does not depend on the wavevector, as is 
observed experimentally.

Following this idea, we consider only the atoms on the B sublattice, 
which form an assembly of tight-binding chains with coupling param-
eter γ = 10 meV2 . At sufficiently large momenta (q c≳ 1/(2 ) = 0.14 Å

−1
, 

with the interlayer spacing c = 3.35 Å), we may consider that the exter-
nal field acts only on the topmost (surface) atoms. We then compute 
the local density response of the topmost atom a of a one-dimensional 
chain δn q ω χ q ω φ q ω( , ) = ( , ) ( , ),a a a where φa is the potential acting on 
atom a (Supplementary Section 6.2). Then, treating the Coulomb inter-
actions between the chains in the random phase approximation, we 
obtain the graphite surface response function as

g q ω
n v χ q ω

n v χ q ω
( , ) =

( , )
( , ) − 1

, (10)
q a

q a
e

s

s

where v =q
e

ε q4π
2π2

0
 is the two-dimensional Coulomb potential and ns is 

the density of charge carriers contributing to the low-energy mode. 
Our simple model accounts for an excitation continuum around 
ω = 40 meV, whose intensity slowly decays with momentum (Supple-
mentary Fig. 5). An estimate for the parameter ns is provided by the 
free charge carrier density in bulk graphite at 300 K (n = 2.3 × 10 cms

12 −2, 
see Supplementary section 6.2); this yields a friction coefficient 
λ = 1.8 × 10 N s m ,Q

4 −3 which is slightly larger than the Drude model 
estimates and within the range of experimentally measured water fric-
tion coefficients on graphite (Fig. 4d). Ultimately, the value of ns 
depends on the details of the electronic structure at the graphite  
surface, which undergoes renormalization in the presence of water. 
An increase in the density of states at low energy and high momenta 
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Fig. 4 | Quantum friction at the water–carbon interface. a, Surface response 
function of doped graphene (E = 0.1 eVF ) in energy–momentum space and 
experimental data29,30 for the graphite surface plasmon mode. b, Schematic of 
the electron movement corresponding to the graphite surface plasmon and 
definition of the interlayer coupling parameters. c, Quantum friction 
coefficient for water on graphene and graphite as a function of charge carrier 
density. For graphene, the carrier density is determined by the doping level. 
For graphite, the friction coefficient is determined from the one-dimensional 

chain model (equation (10)), where the carrier density corresponds to the 
parameter ns. d, Water slip length (b η λ= / , with η the water viscosity) in a 
multiwall CNT as a function of inner tube radius. The green symbols are 
experimental data from refs. 3,4,13 and the full lines are theoretical predictions, 
corresponding to different models for the radius dependence of ns in 
equation (10). The error bars correspond to the experimental uncertainty, 
which has been estimated in ref. 4.

Classical fric$on s$ll a hot topic! 
Ø most liquid-solid interfaces: classical fric1on dominates
Ø a challenging topic of sta1s1cal physics of liquids
Ø Many unsolved mysteries…

But…

Rizk, Gelin, Biance, Joly, PRL 2022



Molecular dynamics simula8ons

Flow measurement

Equilibrium measurement: Green-Kubo formula

Fluid fric7on coefficient b = �/⇥

5

�0 =
1

AkBT

Z 1

0
hF (t)F (0)i dt

Bocquet & Barrat, PRE 1994, J. Chem. Phys. 2013

Ø Prac1cal implementa1on in finite-size systems is delicate…

�0
with

Cf. viscosity: 

⌘0 =
V

kBT

Z 1

0
h⌧(t)⌧(0)i dt

Petravic & Harrowell, JCP 2007; Español, de la Torre, & Duque-Zumajo, PRE 2019
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F/A = � vslip
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Hydrodynamic wall posi8on 6

• Slip Boundary Condi7on

𝑣!"#$ =
𝜂
𝜆

%𝜕%𝑣& %'%!
= 𝑏 %𝜕%𝑣& %'%!

Slip length 𝑏

𝒃

𝒗𝒙

𝒛
Ø Con1nuum perspec1ve:     boundary at 𝒛𝐬 = 𝒛𝐰𝐚𝐥𝐥

Ø Molecular perspec1ve:

𝒃?

𝒗𝒙

𝒛

• 𝑧! posi1on?

+
?

𝑧! ≡ Gibbs dividing plane 

Equilibrium simula$ons 
C. Herrero et al., JCP Comm. (2019)

𝒛

𝝆 𝒛

Gibbs dividing plane

𝜌 = 𝜌!"#$𝜌 = 0

with Cecilia Herrero, Takeshi Omori, and Yasutaka Yamaguchi 



Extending the Green-Kubo formula 7

Oga et al., J. Chem. Phys. 2019

THEORETICAL FRAMEWORK FOR THE ATOMISTIC … PHYSICAL REVIEW RESEARCH 3, L032019 (2021)

that depends on the system height h, which tells us that the
integral has a plateau. Note that the Bocquet-Barrat formula
may be recovered by taking the plug-flow limit b ! h. In this
limit only, the GK integral no longer depends on the system
height h. Second, in the thermodynamic limit where the sys-
tem height is infinite, the GK integral of the random force goes
to zero: This is true regardless of the order in which the limits
are taken, limh→∞ limω→0 C̃

δFbot = limω→0 limh→∞ C̃
δFbot =

0. Finally, when the frequency ω is high enough so that the
penetration length is much smaller than the magnitude of
the complex slip length (

√
η/ρω % |η/λ̃|) as well as much

smaller than the system height (
√

η/ρω % h), the random
force autocorrelation coincides with the Navier FC:

C
δFbot (t )
SkBT

≈ λ(t ) (10)

for small t satisfying
√

ηt/ρ % min{|η/λ̃|, h}. All these re-
sults, which are in contrast to the common view that λ0 might
be obtained as limω→0 limh→∞ C̃

δFbot [34,36], reflect our ex-
plicit consideration of the system height and its hydrodynamic
influence on the fluctuations of the friction force.

Interestingly, one can find the Navier FC for the whole fre-
quency range from the measured random force autocorrelation
CδFbot by solving Eq. (7) for λ̃, which is a quadratic equation
of it. The physically correct solution out of the two can be
chosen so that it satisfies the following relationship:

C̃
δF total

2SkBT
= λ̃ηζ {ηζ sinh(ζh) + λ̃[cosh(ζh) − 1]}

(λ̃2 + η2ζ 2) sinh(ζh) + 2λ̃ηζ cosh(ζh)
, (11)

where C
δF total is the autocorrelation function of the random

force summed over both the top and bottom walls (for the
complete procedure, see the Supplemental Material [33]).

Simulation. To validate the ideas in the Theory section, we
performed equilibrium molecular dynamics (MD) simulations
for two kinds of liquid on different walls.

The first system was a LJ liquid confined between two
fcc crystal walls [Fig. 1(b)]. The liquid consisted of 6400
molecules unless otherwise mentioned. The quantities for this
system are shown in LJ reduced units based on the liquid
molecular mass mf (= 6.634 × 10−26 kg) and two parame-
ters σff (= 3.40 Å) and εff (= 1.67 × 10−21 J) for the LJ
potential )LJ(ri j ) = 4ε[(σ/ri j )12 − (σ/ri j )6] between the liq-
uid molecules, with ri j being the distance between particles
i and j with a cutoff distance of 3.50σ [37]. Each solid
wall consisted of eight layers of atoms in the (001) plane
of a fcc crystal with a lattice constant of 1.15σff . The sys-
tem temperature was controlled at 0.827εff/kB by a Langevin
thermostat set on the second outermost layer of the walls,
and the pressure was set to 0.094εff/σ

3
ff by a preliminary

piston equilibration (see Ref. [26] for technical details). For
the liquid-solid interaction, the LJ potential was adopted as
well. To see the effect of the wettability, which is known to
have an impact on the friction [2], three different εfw were
used, εfw = ε0

fw = 0.155εff , εfw = 2ε0
fw, and εfw = 3ε0

fw, while
σfw = 1.01σff was kept constant. The corresponding contact
angles of a sessile LJ droplet on the three walls were 136◦,
79◦, and 0◦, respectively [38].

The other two systems were water confined between ei-
ther graphene walls or fcc crystal walls [Figs. 1(c) and 1(d),
respectively]. In this case the fluid was constituted of 4096

FIG. 2. Size dependence of the finite-time GK integral for the
system in Fig. 1(b): comparison between analytical (analy.) predic-
tions and MD results for two system heights h. The liquid consisted
of 6400 and 1600 molecules for h = 8.44 and 2.11 nm, respectively.

TIP4P/2005 water molecules [39]. For water enclosed be-
tween generic fcc walls, such walls were constituted of three
atomic layers of a fcc crystal exposing the (001) face with
a lattice constant of 5.356 Å and with liquid-solid interac-
tion parameters taken for hydrophobic walls from Ref. [40].
For water enclosed between graphene walls, the liquid-solid
interaction parameters were taken from Ref. [41]. For both
systems, the temperature was controlled by applying a Nosé-
Hoover thermostat to liquid atoms, and the pressure was set to
1 atm through a preliminary piston equilibration (see Ref. [42]
for technical details).

Results. First, we discuss the convergence of the GK
integral of the random force autocorrelation. Figure 2
shows the normalized finite-time GK integral, *(t ) :=∫ t

0 CδFbot (t ′)dt ′/SkBT , as a function of the upper time limit
of the integration, for the LJ liquid confined by walls with
εfw = 2ε0

fw. To obtain *(t ) up to t = 1000 ps, we pro-
duced the simulation data typically for 300 ns. One can see
that *(t ) has a system-height-dependent plateau for t →
∞, whose value, the GK integral, decreases by increas-
ing the system height. The figure also illustrates that the
whole *(t ) profile is well reproduced with C

δFbot calcu-
lated from the right-hand side of Eq. (7), and the plateau
values coincide with the right-hand side of Eq. (8). In
this evaluation of Eqs. (7) and (8), we substituted λ(t ) by
the Maxwell-type model λ0 exp(−t/tλ)/tλ with the parame-
ters λ0 = 0.1492

√
mfεff/σ

3
ff and tλ = 0.077σff

√
mf/εff taken

from the results of nonequilibrium simulations [26], whose
simulation system and conditions were identical to those of
the present study [43]. Here, the same λ was used regardless of
the system height: This shows that there is no system size de-
pendence in the estimation of λ from the MD simulation data
by the present theory. Sometimes in the literature [16,44], λ0
is estimated as max *(t ), which gives about 0.14

√
mfεff/σ

3
ff

L032019-3
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where dCU(t)
dt �t=0 = 0 considering that CU(t) is an even function due

to the stationarity condition.51–54 Note that

dCU(t)
dt

�
t=0 ≡

1
2
� dCU(t)

dt
�
t=0+ +

dCU(t)
dt

�
t=0−� = 0 (8)

should be applied in the case the memory kernel ξ(t) is equal to
the Dirac delta function, i.e., Eq. (3) is a simple Langevin equation,
where dCU(t)

dt has a discontinuous derivative at t = 0, see Refs. 21
and 54. The Laplace transform of Eq. (7) is

Λ̃(s) = − M2

SkBT
�sC̃U(s) − CU(0)�. (9)

Inserting Eq. (4) into Eq. (9), it follows that

Λ̃(s) = M
S

t−1d ξ̃(s)
s + t−1d ξ̃(s) =

λ̃ξ(s)
s + t−1d ξ̃(s) . (10)

We now assume a simple Maxwell-type memory kernel50

ξ(t) = t−1m e− t
tm (t ≥ 0). (11)

This memory kernel is originally designed to describe a viscoelastic
response; here, we choose it for its simple functional form, although
simulations will later show that tm is indeed compatible with vis-
coelastic relaxation. We also introduce the characteristic decay time
of the GLE

td ≡ M
λS . (12)

Note that through the coarse-graining process, hydrodynamic relax-
ation in the liquid—controlled by the kinematic viscosity ν—
is enclosed implicitly in the coarse-grained mass M/S, and the
decay time only depends explicitly on the liquid-solid friction
coefficient.

Inserting the Laplace-transformed memory kernel in Eq. (10)
and going back to the time domain, one can show that when
td > 4tm, the GK integral Λ(t) in Eq. (2) is given by

Λ(t) = λ0�e− t
t1 − e− t

t2 �, (13)

where the 3 parameters λ0, t1, and t2 can be obtained through

1
t1
= 1
2tm
�
�1 −

�
1 − 4tm

td
�
�, (14)

1
t2
= 1
2tm
�
�1 +

�
1 − 4tm

td
�
�, (15)

λ0 = λ�
1 − 4tm

td

. (16)

Equations (13)–(16) provide a generic framework that can be used
to extract the friction coefficient from a fitting of the GK integral.
In particular, the friction coefficient can be obtained from the three
fitting parameters,

λ = λ0 1 − u1 + u
, (17)

with u = t2/t1. One can also relate the maximum of the GK integral
to λ and to the two time scales of the fit,

Λmax = λ 1 + u
1 − u �u

u
1−u − u 1

1−u �. (18)

From Eq. (18), it is clear that the maximum of the GK integral Λmax
is not in principle equal to the friction coefficient λ and that Λmax
and λ cannot be related without the knowledge of the characteristic
times t2 and t1, which can only be obtained through a full fit of the
GK curve. However, when the time scales are well separated, i.e., in
the limit of u→ 0, Λmax becomes an increasingly good estimate of λ:
the difference between Λmax and λ is on the order of 25% for u = 1/5
and falls, e.g., to 4% for u = 1/100 or to less than 1% for u = 1/1000.
Note that in the limit where the time scales are separated, the two
time scales t1 and t2 are given by t1 � td and t2 � tm, respectively.

Finally, in the limit of td →∞,

Λ(t) = λ�1 − e− t
tm �, (19)

so that the GK integral reaches a plateau equal to the friction
coefficient, which corresponds to the original BB result.

In the following, we will test the general method presented here
when the time scales of the memory kernel and of the GK integral
decay are not well separated, using MD simulations.

III. SIMULATIONS
We considered a generic Lennard-Jones (LJ) liquid confined

between parallel walls, see Fig. 1. We used fcc walls made of 8 atomic
layers exposing a (001) face to the liquid; first neighbors in the
solids were bound by a harmonic potential Φh(r) = k�2 (r − req)2,
with r being the interparticle distance, req = 0.277 nm, and
k = 46.8 N/m. Interactions between liquid particles and between
liquid and solid particles were modeled by a LJ pair potential,
ΦLJ(r) = 4εij[(σij�r)12 − (σij�r)6], where i, j can be L for liquid par-
ticles or S for solid particles. The LJ interaction was truncated at a
cut-off distance of rc = 3.5 σ and quadratic functions were added so
that the potential and interaction force smoothly vanished at rc.55
We used σLL = 0.34 nm, εLL = 121 K kB, σLS = 0.345 nm, and εLS
= αεLL, where the “wetting coefficient” α was varied between 0.120
and 0.359. The corresponding contact angle of droplets with these
parameters was shown in our previous work.56 The atomic masses
were mL = 39.95 u and mS = 195.1 u. We used periodic boundary
conditions along the x and y lateral directions, with a box size Lx = Ly
= 6.27 nm. The total system height (walls included) along the z direc-
tion was varied between 4 and 12 nm, with a corresponding number
of liquid particles varying between ∼800 and 6400. We defined the
liquid film height as Hliq = ztopwall − zbottomwall , with ztopwall and zbottomwall being
the positions where the liquid density vanishes, which can be accu-
rately identified due to the steep rise of the density at the interface,
see Fig. 1. Accordingly, Hliq varied between 1 and 9 nm. The above
definition of zwall was also used as the origin of δeff described later in
Eq. (20).

To compare the GKmeasurement and a reference NEMDmea-
surement of the friction coefficient in the same system, we sheared
the liquid in the x direction to extract the nonequilibrium response
and we applied the GK formalism in the y direction. We checked
on representative systems that independent EMD and NEMD sim-
ulations provided results consistent with the ones obtained using

J. Chem. Phys. 151, 054502 (2019); doi: 10.1063/1.5104335 151, 054502-3
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where dCU(t)
dt �t=0 = 0 considering that CU(t) is an even function due

to the stationarity condition.51–54 Note that

dCU(t)
dt

�
t=0 ≡

1
2
� dCU(t)

dt
�
t=0+ +

dCU(t)
dt

�
t=0−� = 0 (8)

should be applied in the case the memory kernel ξ(t) is equal to
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and 54. The Laplace transform of Eq. (7) is
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We now assume a simple Maxwell-type memory kernel50

ξ(t) = t−1m e− t
tm (t ≥ 0). (11)
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response; here, we choose it for its simple functional form, although
simulations will later show that tm is indeed compatible with vis-
coelastic relaxation. We also introduce the characteristic decay time
of the GLE
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λS . (12)

Note that through the coarse-graining process, hydrodynamic relax-
ation in the liquid—controlled by the kinematic viscosity ν—
is enclosed implicitly in the coarse-grained mass M/S, and the
decay time only depends explicitly on the liquid-solid friction
coefficient.

Inserting the Laplace-transformed memory kernel in Eq. (10)
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to λ and to the two time scales of the fit,

Λmax = λ 1 + u
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From Eq. (18), it is clear that the maximum of the GK integral Λmax
is not in principle equal to the friction coefficient λ and that Λmax
and λ cannot be related without the knowledge of the characteristic
times t2 and t1, which can only be obtained through a full fit of the
GK curve. However, when the time scales are well separated, i.e., in
the limit of u→ 0, Λmax becomes an increasingly good estimate of λ:
the difference between Λmax and λ is on the order of 25% for u = 1/5
and falls, e.g., to 4% for u = 1/100 or to less than 1% for u = 1/1000.
Note that in the limit where the time scales are separated, the two
time scales t1 and t2 are given by t1 � td and t2 � tm, respectively.

Finally, in the limit of td →∞,
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tm �, (19)

so that the GK integral reaches a plateau equal to the friction
coefficient, which corresponds to the original BB result.

In the following, we will test the general method presented here
when the time scales of the memory kernel and of the GK integral
decay are not well separated, using MD simulations.

III. SIMULATIONS
We considered a generic Lennard-Jones (LJ) liquid confined

between parallel walls, see Fig. 1. We used fcc walls made of 8 atomic
layers exposing a (001) face to the liquid; first neighbors in the
solids were bound by a harmonic potential Φh(r) = k�2 (r − req)2,
with r being the interparticle distance, req = 0.277 nm, and
k = 46.8 N/m. Interactions between liquid particles and between
liquid and solid particles were modeled by a LJ pair potential,
ΦLJ(r) = 4εij[(σij�r)12 − (σij�r)6], where i, j can be L for liquid par-
ticles or S for solid particles. The LJ interaction was truncated at a
cut-off distance of rc = 3.5 σ and quadratic functions were added so
that the potential and interaction force smoothly vanished at rc.55
We used σLL = 0.34 nm, εLL = 121 K kB, σLS = 0.345 nm, and εLS
= αεLL, where the “wetting coefficient” α was varied between 0.120
and 0.359. The corresponding contact angle of droplets with these
parameters was shown in our previous work.56 The atomic masses
were mL = 39.95 u and mS = 195.1 u. We used periodic boundary
conditions along the x and y lateral directions, with a box size Lx = Ly
= 6.27 nm. The total system height (walls included) along the z direc-
tion was varied between 4 and 12 nm, with a corresponding number
of liquid particles varying between ∼800 and 6400. We defined the
liquid film height as Hliq = ztopwall − zbottomwall , with ztopwall and zbottomwall being
the positions where the liquid density vanishes, which can be accu-
rately identified due to the steep rise of the density at the interface,
see Fig. 1. Accordingly, Hliq varied between 1 and 9 nm. The above
definition of zwall was also used as the origin of δeff described later in
Eq. (20).

To compare the GKmeasurement and a reference NEMDmea-
surement of the friction coefficient in the same system, we sheared
the liquid in the x direction to extract the nonequilibrium response
and we applied the GK formalism in the y direction. We checked
on representative systems that independent EMD and NEMD sim-
ulations provided results consistent with the ones obtained using

J. Chem. Phys. 151, 054502 (2019); doi: 10.1063/1.5104335 151, 054502-3

© Author(s) 2019

<latexit sha1_base64="rvtrNT1KopWvL2TsB6ErhhQ77ag="></latexit>

⇤(1) =
�0

2 + h/b

Ø Fi]ng the en1re curve → frequency dependent / visco-elas1c fric1on

Ø Langevin equa1on for fluctua1ng boaom wall + Stokes equa1on for fluid

Maximum 

Full expression

with H. Oga, T. Omori, C. Herrero, S. Merabia, and Y. Yamaguchi 

Oga, Omori, Herrero et al., Phys. Rev. Research 2021

Theore7cal framework for finite-size systems

HARUKI OGA ET AL. PHYSICAL REVIEW RESEARCH 3, L032019 (2021)

FIG. 1. (a) Model system for the derivation of the Navier friction
coefficient, and (b)–(d) snapshots of the bottom half of the systems
tested in this study overlaid with density distributions: (b) Lennard-
Jones liquid confined between fcc walls, (c) water confined between
graphene walls, and (d) water confined between fcc walls. The
dashed green lines denote the position of the hydrodynamic bound-
aries. For (b), the system with a contact angle of 79◦ is shown.
We give the details on the system dimensions in the Supplemental
Material [33]. B.C., boundary condition; non-dim., nondimensional.

In this Research Letter, we develop a theory to relate
the Navier FC and the random force autocorrelation on the
wall, by employing rather classical tools such as Stokes
and Langevin equations. This theoretical framework offers
some perspectives on long-standing debates related to the
GK modeling of liquid-solid friction, together with a simple
and fast method to fully characterize the frequency-dependent
Navier FC. We then apply this method to explore the fric-
tional behavior of a simple LJ liquid and of water at various
temperatures—including the supercooled regime.

Theory. Let us consider the system shown in Fig. 1(a),
where a liquid is confined between two solid walls under no
external field. When the bottom wall is allowed to move freely
in a wall-tangential direction x, its motion can be described by
a Langevin equation [34]:

M
dU
dt

= −S
∫ t

0
ξ (t − t ′)U (t ′)dt ′ + δF bot, (3)

where M, S, and U are the mass, the surface area, and the
x-direction velocity of the bottom wall, respectively; ξ is the
friction kernel, and δF bot is the random force that originates
from the direct interaction between the solid and liquid par-
ticles. Assuming the equipartition of energy, Eq. (3) leads to
the fluctuation-dissipation theorem:

CδFbot (t ) := 〈δF bot(t ) δF bot(0)〉 = SkBT ξ (t ). (4)

The motion of the liquid in response to the bottom wall motion
(the top wall is fixed) can be described by the Stokes equation
for a wide frequency range [26,35]:

∂u(z, t )
∂t

= η

ρ

∂2u(z, t )
∂z2

, (5)

with the Navier boundary condition defined on the bottom and
top hydrodynamic boundaries

η
∂u(z, t )

∂z

∣∣∣∣
z=0

=
∫ t

0
λ(t − t ′)[u(0, t ′) − U (t ′)]dt ′

η
∂u(z, t )

∂z

∣∣∣∣
z=h

=
∫ t

0
λ(t − t ′)[−u(h, t ′)]dt ′, (6)

where u, t , ρ, η, and λ denote the liquid velocity in the x
direction, the time, the bulk liquid density, the bulk liquid
viscosity, and the Navier FC, respectively. Note that λ is
frequency dependent and of non-Markovian nature: λ has
the dimension [Pa/m] instead of [Pa · s/m] adequate for the
frequency-independent FC. Because the first term on the right-
hand side of Eq. (3) would also be written as −S

∫ t
0 λ(t −

t ′)[U (t ′) − u(0, t ′)]dt ′ in terms of the slip velocity on the wall,
the friction kernel ξ is given from the solution of Eqs. (5)
and (6) (for the complete derivation, see the Supplemental
Material [33]). Combined with Eq. (4), the expression for the
force autocorrelation function is obtained:

C̃
δFbot

SkBT
= λ̃ηζ [ηζ sinh(ζh) + λ̃ cosh(ζh)]

(λ̃2 + η2ζ 2) sinh(ζh) + 2λ̃ηζ cosh(ζh)
, (7)

where the tilde indicates that the variables are Fourier-Laplace
transformed and ζ denotes

√
iρω/η, with ω being the angular

frequency. Considering that the nature of the random force
is independent of the wall velocity by construction, Eq. (7)
holds even when the bottom wall is fixed. Unlike the GK
formula by Bocquet and Barrat [34], this equation explicitly
includes the system size dependence in the relation between
the random force autocorrelation and the Navier FC. It is also
more general as it provides the viscoelastic behavior of the
friction coefficient. From Eq. (7), the asymptotic behaviors of
the random force autocorrelation are

lim
ω→0, h:finite

C̃δFbot

SkBT
= λ0

h/b + 2
, (8)

lim
h→∞, ω:finite

C̃
δFbot

SkBT
= λ̃

λ̃/(ηζ ) + 1
, (9)

where λ0 is the zero-frequency component of the Navier FC
and b is the slip length defined as η/λ0.

From Eqs. (8) and (9), one can derive several important
properties of the random force, the evidence for which will
be shown later in the Results section. First, the GK integral of
the random force [Eq. (8)] is not zero but has a finite value
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FIG. 1. (a) Model system for the derivation of the Navier friction
coefficient, and (b)–(d) snapshots of the bottom half of the systems
tested in this study overlaid with density distributions: (b) Lennard-
Jones liquid confined between fcc walls, (c) water confined between
graphene walls, and (d) water confined between fcc walls. The
dashed green lines denote the position of the hydrodynamic bound-
aries. For (b), the system with a contact angle of 79◦ is shown.
We give the details on the system dimensions in the Supplemental
Material [33]. B.C., boundary condition; non-dim., nondimensional.

In this Research Letter, we develop a theory to relate
the Navier FC and the random force autocorrelation on the
wall, by employing rather classical tools such as Stokes
and Langevin equations. This theoretical framework offers
some perspectives on long-standing debates related to the
GK modeling of liquid-solid friction, together with a simple
and fast method to fully characterize the frequency-dependent
Navier FC. We then apply this method to explore the fric-
tional behavior of a simple LJ liquid and of water at various
temperatures—including the supercooled regime.

Theory. Let us consider the system shown in Fig. 1(a),
where a liquid is confined between two solid walls under no
external field. When the bottom wall is allowed to move freely
in a wall-tangential direction x, its motion can be described by
a Langevin equation [34]:

M
dU
dt

= −S
∫ t

0
ξ (t − t ′)U (t ′)dt ′ + δF bot, (3)

where M, S, and U are the mass, the surface area, and the
x-direction velocity of the bottom wall, respectively; ξ is the
friction kernel, and δF bot is the random force that originates
from the direct interaction between the solid and liquid par-
ticles. Assuming the equipartition of energy, Eq. (3) leads to
the fluctuation-dissipation theorem:

CδFbot (t ) := 〈δF bot(t ) δF bot(0)〉 = SkBT ξ (t ). (4)

The motion of the liquid in response to the bottom wall motion
(the top wall is fixed) can be described by the Stokes equation
for a wide frequency range [26,35]:

∂u(z, t )
∂t

= η

ρ
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, (5)

with the Navier boundary condition defined on the bottom and
top hydrodynamic boundaries

η
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z=0

=
∫ t

0
λ(t − t ′)[u(0, t ′) − U (t ′)]dt ′

η
∂u(z, t )
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z=h

=
∫ t

0
λ(t − t ′)[−u(h, t ′)]dt ′, (6)

where u, t , ρ, η, and λ denote the liquid velocity in the x
direction, the time, the bulk liquid density, the bulk liquid
viscosity, and the Navier FC, respectively. Note that λ is
frequency dependent and of non-Markovian nature: λ has
the dimension [Pa/m] instead of [Pa · s/m] adequate for the
frequency-independent FC. Because the first term on the right-
hand side of Eq. (3) would also be written as −S

∫ t
0 λ(t −

t ′)[U (t ′) − u(0, t ′)]dt ′ in terms of the slip velocity on the wall,
the friction kernel ξ is given from the solution of Eqs. (5)
and (6) (for the complete derivation, see the Supplemental
Material [33]). Combined with Eq. (4), the expression for the
force autocorrelation function is obtained:

C̃
δFbot

SkBT
= λ̃ηζ [ηζ sinh(ζh) + λ̃ cosh(ζh)]

(λ̃2 + η2ζ 2) sinh(ζh) + 2λ̃ηζ cosh(ζh)
, (7)

where the tilde indicates that the variables are Fourier-Laplace
transformed and ζ denotes

√
iρω/η, with ω being the angular

frequency. Considering that the nature of the random force
is independent of the wall velocity by construction, Eq. (7)
holds even when the bottom wall is fixed. Unlike the GK
formula by Bocquet and Barrat [34], this equation explicitly
includes the system size dependence in the relation between
the random force autocorrelation and the Navier FC. It is also
more general as it provides the viscoelastic behavior of the
friction coefficient. From Eq. (7), the asymptotic behaviors of
the random force autocorrelation are

lim
ω→0, h:finite

C̃δFbot

SkBT
= λ0

h/b + 2
, (8)

lim
h→∞, ω:finite

C̃
δFbot

SkBT
= λ̃

λ̃/(ηζ ) + 1
, (9)

where λ0 is the zero-frequency component of the Navier FC
and b is the slip length defined as η/λ0.

From Eqs. (8) and (9), one can derive several important
properties of the random force, the evidence for which will
be shown later in the Results section. First, the GK integral of
the random force [Eq. (8)] is not zero but has a finite value
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f̃ (ω) ≡ � ∞
0

f (t)e−iωt dt, (11)

and ζ is given by

ζ =
�

iρω
η

, (12)

with ρ, h, and λ being the fluid density, the distance between the top
and bottom S–L interfaces, and the friction kernel, respectively (see
Appendix A 1).

However, Eq. (10) in the FL form is rather complex, and the
solution does not give a clear outlook on the physical aspects of S–L
friction. Practically, calculating the FC λ0 directly from Eq. (10) is
not trivial. Regarding this point, in our previous study,43 we pro-
posed to use the convergence value Λ(∞) as one possible method to
obtain λ0 (see Appendix A 2), where Λ(∞) was related to λ0 as

Λ(∞) ≡ lim
t→∞Λ(t) = λ0

h
η λ0 + 2

= λ0
h
b + 2

. (13)

Thus, λ0 can be evaluated by

λ0 = 2Λ(∞)
1 − h

η Λ(∞) . (14)

Equation (14) indicates that the convergence value of the GK integral
Λ(t) depends on the liquid height h, and this partly gives an answer
to the long-standing issue of the plateau problem of the GK inte-
gral.43 From Eq. (13), it is also clear that a semi-infinite system with
h→∞ results in Λ(∞)→ 0, and that the final plateau values Λ(∞)
and λ0 are different. So even in that limit the final plateau does not
identify with the friction coefficient. In practice, however, for very
large slip lengths, the final plateau appears after a very long time, and
only the intermediate plateau can be observed in the simulations,
whose value is indeed λ0.32

Although Eq. (14) is simple and insightful, using the con-
vergence value Λ(∞) of the long-range time integration of the
correlation function in EMD systems is difficult in practice: for
small friction coefficients, the time needed to reach the final plateau
becomes very large, and so does the statistical error on Λ(∞); for
large friction coefficients, the denominator in Eq. (14) becomes close
to zero, leading also to large uncertainties on λ0. In addition, the
viscosity η must be additionally provided, typically calculated using
another system, and the liquid hydrodynamic height h must also
be determined. Regarding the latter point, it was indicated that the
hydrodynamic position of the S–L interface (where the Navier BC
applies) was approximately one liquid particle diameter outward
from the wall surface for the case of a Lennard–Jones liquid on a flat
surface,25,42,43 while determining the interface position for complex
surfaces is not trivial.

In this study, we propose a new method to measure the FC
by simplifying Eq. (10) and considering the timescales of the fric-
tion kernel. At first, we consider the limit tfk → +0, i.e., a Markovian
Navier BC. Then, the FL transform λ̃ of Eq. (9) writes

lim
tfk→+0

λ̃(ω) = λ0. (15)

Note that tfk is usually very small, below several picoseconds except
in extreme cases, e.g., supercooled water, and it can be estimated
from the autocorrelation function of the S–L friction force CFw(t),
whose short-time behavior corresponds well to the friction kernel
λ(t).43

In addition, we consider the limit h→∞ in Eq. (10). Then,
under these two limits, it follows from Eq. (10) that

lim
tfk→+0

lim
h→∞

C̃Fw(ω)
SkBT

= λ0ηζ
ηζ + λ0

. (16)

The inverse FL transform of the RHS in Eq. (16) is analytically
obtained as

lim
tfk→+0

lim
h→∞

CFw(t)
SkBT

= λ0

tslip
exp� t

tslip
�

× erfc�
�

t
tslip
� − λ0�

πtslipt
, (17)

introducing a second timescale, tslip, given by

tslip = ρb2

η
= ρη

λ2
0

, (18)

which can be interpreted as the time of diffusion of the momentum
in the liquid over the slip length.

Then, the limit of the GK integral Λmid(t) results in

Λmid(t) ≡ lim
tfk→+0

lim
h→∞�

t

0

CFw(t)
SkBT

dt

= λ0 exp� t
tslip
� erfc �

�
t

tslip
�. (19)

Equation (19) is the key to obtaining the FC from the GK integral
Λ(t) in this study. Note that Bocquet and Barrat29 obtained the same
expression as Eq. (17) for a semi-infinite system, i.e., h→∞.

We see the meaning of the solution including a timescale tslip
with respect to the limits related to the other two timescales: the
Markovian limit with tfk → +0 and infinite height h→∞. The first
is supposed to be applicable if the timescale of interest is sufficiently
longer than the decay timescale of tfk. For the second limit h→∞,
we consider the diffusion timescale of the velocity information gene-
rated on one wall to the opposite wall, given by

tsys ≡ ρh2

η
. (20)

This has the same form as tslip in Eq. (18), with the slip length b
replaced by h, corresponding to a system timescale defined by the
finite liquid height h. Note that the solution in Eq. (19) indeed repro-
duces the plateau feature if the slip length b and the system height
h are large enough. Taking into account that Eq. (19) should hold
under the condition of

tfk � t � tsys, (21)

we propose a calculation method of λ0 as the FC in Eq. (1) by fit-
ting the GK integral with Eq. (19) in the time range t around the tslip
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The final plateau 8

Ø  

Ø b>>h: final plateau at l0/2 ?? (see next slide)

Ø Linear response : 

A simple interpreta7on

Ø Considering the total force on the walls:
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Time scales of the Green-Kubo formula 9

Ø  

Three important 7me scales Oga, Omori, Joly, Yamaguchi, J. Chem. Phys. 2023

Ø Large slip length

intermediate plateau at l0 final plateau at l0/2
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Slip on charged surfaces 10

Nanofluidic energy conversion

Ø driven by surface charge
Ø boosted by slip

e.g. producing electricity from pressure/salt/temperature gradients

But: slip decreases with increasing surface charge…

impact of the surface charge distribution, which we
rationalized through analytical modeling. We then explored
the consequences of charge distribution on slip-enhanced
EK energy conversion, and predicted a giant performance
of polarized graphene.
Systems and methods.—We conducted MD simulations

with the LAMMPS package [50] to investigate the change of
slip length as a function of both the surface charge density
and its distribution. Here, we present the main features of
the simulation setup; technical details can be found in
the Supplemental Material (SM) [51]. We considered an
aqueous NaCl solution confined between two parallel
graphene sheets. Previous MD work [32,33,59] has shown
that the slip-charge coupling was not significantly affected
by the salt concentration, and here we used a constant
concentration ρs ∼ 1.3M in all configurations, unless
specified. The corresponding Debye length λD was ca.
0.26 nm. The distance between the graphene sheets was
∼10 times larger than λD, so that the EDLs of both walls
were well separated. We used periodic boundary conditions
in the x and y directions parallel to the sheets, with a lateral
box size of ca. 3.5 nm. We simulated both homogeneously
and heterogeneously charged graphene walls, with surface
charge density Σ from −0.06 to 0 C=m2 (see Fig. 1). We
also considered surfaces with a positive charge, and
obtained identical results for homogeneous charge, but
different results for heterogeneous charge, as discussed
later. On homogeneously charged (“polarized”) walls with
a surface area of A, each atom on a wall was charged by
q=N, where q ¼ Σ × A is the total charge and N is the total
number of carbon atoms on the wall. The maximum charge
per atom, obtained for jΣj ¼ 0.06 mC=m2, was ∼0.01e. We
checked using density functional based tight binding [60]
simulations that the graphene structure was barely modified
by such a charge [51]. On heterogeneously charged walls
with the same area and charge density, n ¼ q=e random
selected carbon atoms were charged by an elementary
charge e.
We used the TIP4P=2005 force field [61] for water. Ions

were simulated with the scaled-ionic-charge model by
Kann and Skinner [62], using a scaling factor of 0.85.

For consistency, the charge of wall atoms was rescaled with
the same factor as for the ions [63] in the simulation.
Nevertheless, we used the unscaled charge for the later
calculation of surface charge density. Water and carbon
interacted through a recently proposed force field calibrated
from high-level quantum calculations of water adsorption
on graphene [64]. The systems were maintained at T ¼
298 K and p ¼ 1 atm. A Couette flow was generated in the
liquid by moving the walls with a constant speed of jVxj in
opposite directions along the x axis (jVxj ¼ 10–50 m=s).
We employed the same method discussed in Ref. [65] to
compute the slip length [51].
Results and discussion.—Figure 2(a) shows the evolu-

tion of b as a function of the surface charge density jΣj, for
homogeneously and heterogeneously charged graphene
walls. For comparison, results from Ref. [33] obtained
with a generic hydrophobic surface are also shown.
Consistently with previous MD results on graphitic

FIG. 1. Two surface charge distributions were considered in
this work: (a) homogeneous charge, with all surface atoms baring
the same partial charge (“polarized wall”); (b) heterogeneous
charge, with a fraction of surface atoms baring an elementary
charge.

(a)

(b)

FIG. 2. (a) Slip length b versus surface charge density jΣj:
simulation results for homogeneously (green circles) and hetero-
geneously (brown squares) charged graphene, and for a generic
hydrophobic wall with homogeneous charge (blue diamonds,
taken from Ref. [33]); Green and blue lines are fits with Eq. (1),
and the brown line is a fit with Eq. (2). (b) Slip length on
homogeneously charged surfaces normalized by the uncharged
value b=b0 as a function of the dimensionless parameter x in
Eq. (1); simulation results for graphene (green circles) and
graphenelike surfaces, either with different wettability (pink
triangles) or strained graphene (blue squares); all results are
fitted with Eq. (1), using a single value of α ¼ 0.165.
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impact of the surface charge distribution, which we
rationalized through analytical modeling. We then explored
the consequences of charge distribution on slip-enhanced
EK energy conversion, and predicted a giant performance
of polarized graphene.
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with the LAMMPS package [50] to investigate the change of
slip length as a function of both the surface charge density
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the simulation setup; technical details can be found in
the Supplemental Material (SM) [51]. We considered an
aqueous NaCl solution confined between two parallel
graphene sheets. Previous MD work [32,33,59] has shown
that the slip-charge coupling was not significantly affected
by the salt concentration, and here we used a constant
concentration ρs ∼ 1.3M in all configurations, unless
specified. The corresponding Debye length λD was ca.
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∼10 times larger than λD, so that the EDLs of both walls
were well separated. We used periodic boundary conditions
in the x and y directions parallel to the sheets, with a lateral
box size of ca. 3.5 nm. We simulated both homogeneously
and heterogeneously charged graphene walls, with surface
charge density Σ from −0.06 to 0 C=m2 (see Fig. 1). We
also considered surfaces with a positive charge, and
obtained identical results for homogeneous charge, but
different results for heterogeneous charge, as discussed
later. On homogeneously charged (“polarized”) walls with
a surface area of A, each atom on a wall was charged by
q=N, where q ¼ Σ × A is the total charge and N is the total
number of carbon atoms on the wall. The maximum charge
per atom, obtained for jΣj ¼ 0.06 mC=m2, was ∼0.01e. We
checked using density functional based tight binding [60]
simulations that the graphene structure was barely modified
by such a charge [51]. On heterogeneously charged walls
with the same area and charge density, n ¼ q=e random
selected carbon atoms were charged by an elementary
charge e.
We used the TIP4P=2005 force field [61] for water. Ions

were simulated with the scaled-ionic-charge model by
Kann and Skinner [62], using a scaling factor of 0.85.

For consistency, the charge of wall atoms was rescaled with
the same factor as for the ions [63] in the simulation.
Nevertheless, we used the unscaled charge for the later
calculation of surface charge density. Water and carbon
interacted through a recently proposed force field calibrated
from high-level quantum calculations of water adsorption
on graphene [64]. The systems were maintained at T ¼
298 K and p ¼ 1 atm. A Couette flow was generated in the
liquid by moving the walls with a constant speed of jVxj in
opposite directions along the x axis (jVxj ¼ 10–50 m=s).
We employed the same method discussed in Ref. [65] to
compute the slip length [51].
Results and discussion.—Figure 2(a) shows the evolu-

tion of b as a function of the surface charge density jΣj, for
homogeneously and heterogeneously charged graphene
walls. For comparison, results from Ref. [33] obtained
with a generic hydrophobic surface are also shown.
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FIG. 1. Two surface charge distributions were considered in
this work: (a) homogeneous charge, with all surface atoms baring
the same partial charge (“polarized wall”); (b) heterogeneous
charge, with a fraction of surface atoms baring an elementary
charge.
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FIG. 2. (a) Slip length b versus surface charge density jΣj:
simulation results for homogeneously (green circles) and hetero-
geneously (brown squares) charged graphene, and for a generic
hydrophobic wall with homogeneous charge (blue diamonds,
taken from Ref. [33]); Green and blue lines are fits with Eq. (1),
and the brown line is a fit with Eq. (2). (b) Slip length on
homogeneously charged surfaces normalized by the uncharged
value b=b0 as a function of the dimensionless parameter x in
Eq. (1); simulation results for graphene (green circles) and
graphenelike surfaces, either with different wettability (pink
triangles) or strained graphene (blue squares); all results are
fitted with Eq. (1), using a single value of α ¼ 0.165.
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e.g. electro-osmosis / streaming current one order of magnitude above literature values

the slip length as that of a neutral liquid in contact with a
neutral wall, build from the charged wall and the bound
counterions. The latter protrude over the otherwise smooth
surface and generate a Stokes drag, which can be described
following a similar derivation used to predict the slip of a
liquid over a surfactant layer [59]. As detailed in the SM
[51], for monovalent ions one can show that

b ¼ b0
1þ 3πσhb0ðjΣj=eÞ

; ð2Þ

where b0 is the slip length on the uncharged surface, and σh
the effective hydrodynamic diameter of the counterions,
controlling their individual viscous drag.
Equation (2) fits the numerical results very well, using

b0 ¼ 45.1 nm as for the homogeneously charged graphene,
and σh ¼ 0.261 nm. The fitted effective hydrodynamic
diameter σh of the counterions is quite reasonable, with
a value close to the van der Waals diameter of the ions.
Furthermore, we show in the SM [51] that Eq. (2) also
describes consistently modified graphene with different
wettability or interatomic distance.
However, in general, not all counterions will bind to the

wall. In that case, the slip length will not be directly
connected to the surface charge, and will be controlled the
fraction of bound ions. Through this fraction, the slip length
should therefore depend on the specific physical and
chemical features of the interface, in contrast with the
homogeneous charge case, where only a few well con-
trolled parameters influence slip. As a striking illustration,
we simulated heterogeneously charged graphene with a
positive charge, see the SM [51]; in that case, Cl− counter-
ions did not bind to the charged sites, consistently with a
previous observation on a similar system by Qiao and
Aluru [69], and resulting in a different slip-charge relation.
We now would like to explore the impact of the slip-

charge relation on the energy conversion performance of
nanofluidic systems. To that aim, we will focus on electro-
mechanical energy conversion at charged surfaces, consid-
ering the two reciprocal EK effects of electro-osmotic flows
and streaming current [13,14]. Experimentally, the ampli-
tude of EK effects is quantified by the so-called zeta
potential—denoted ζ, extracted frommacroscopic measure-
ments of the EK response using the Helmholtz-
Smoluchowski equation [15,16], which relates the applied
forcing and the resulting flux: for electro-osmosis, veo ¼
−ðεdζ=ηÞEx (with Ex the applied electric field, veo the
resulting electro-osmotic velocity, εd the dielectric permit-
tivity of the liquid), and for streaming current, je ¼
−ðεdζ=ηÞð−∇pÞ (with −∇p the applied pressure gradient,
and je the resulting electrical current). According to this
experimental definition, ζ is a macroscopic response coef-
ficient, arising from the coupling of electrostatics and
hydrodynamics in the EDL. As such, it has been shown
theoretically and experimentally that the zeta potential can

be amplified by liquid-solid slip [19,20,30,31,70,71], and
writes [32]

ζ ¼ V0

!
1þ b

λeffD

"
¼ V0 þ

Σb
εd

; ð3Þ

with V0 the surface potential, and where λeffD ¼
−V0=∂zVjz¼zwall characterizes the thickness of the EDL.
The second expression for ζ shows that liquid-solid slip
simply adds a contribution ζslip ¼ Σb=εd to the surface
potential, which only depends on Σ, b, and εd.
For polarized graphene, using Eq. (1) to express b, jζslipj

is predicted to go through a maximum of ∼2000 mV, for
jΣj ∼ 0.06 C=m2 (corresponding to a charge per atom of
∼0.01e, comparable with charges in the amorphous carbon
electrodes of supercapacitors [44–47]), see Fig. 3 and the
SM [51]. This value exceeds by far usual zeta potentials,
which typically saturate around 4kBT=e ∼ 100 mV. To
confirm the prediction of the model, we performed explicit
streaming current simulations [51]: we applied a pressure
gradient to the liquid, measured the resulting electrical
current, and computed the zeta potential using the
Helmholtz-Smoluchowski equation. The computed zeta
potential indeed matches the theoretical prediction, see
Fig. 3. Consequently, polarized graphene appears as an
ideal system to evidence experimentally the zeta potential
amplification by liquid-solid slip.
For heterogeneously charged graphene with Σ < 0, all

counterions being trapped at thewall, there is no net charge in
the liquid, so that the zeta potential must vanish. We
performed direct streaming current simulations for Σ ¼
−0.03 C=m2 to confirm that prediction and indeedmeasured
a vanishing value within error bars, ζ ¼ −3.9% 6.8 mV.
Of course this result is specific to the systems simulated

here. For instance, as shown previously [69], simply
reversing the surface charge changes the counterion adsorp-
tion behavior, and consequently the zeta potential. In

FIG. 3. Zeta potential, quantifying the electrokinetic response
of the interface, versus surface charge density for homogeneously
charged graphene. The line represents the theoretical prediction
for the slip contribution jζslipj; symbols represent measurements
through streaming current simulations.
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impact of the surface charge distribution, which we
rationalized through analytical modeling. We then explored
the consequences of charge distribution on slip-enhanced
EK energy conversion, and predicted a giant performance
of polarized graphene.
Systems and methods.—We conducted MD simulations

with the LAMMPS package [50] to investigate the change of
slip length as a function of both the surface charge density
and its distribution. Here, we present the main features of
the simulation setup; technical details can be found in
the Supplemental Material (SM) [51]. We considered an
aqueous NaCl solution confined between two parallel
graphene sheets. Previous MD work [32,33,59] has shown
that the slip-charge coupling was not significantly affected
by the salt concentration, and here we used a constant
concentration ρs ∼ 1.3M in all configurations, unless
specified. The corresponding Debye length λD was ca.
0.26 nm. The distance between the graphene sheets was
∼10 times larger than λD, so that the EDLs of both walls
were well separated. We used periodic boundary conditions
in the x and y directions parallel to the sheets, with a lateral
box size of ca. 3.5 nm. We simulated both homogeneously
and heterogeneously charged graphene walls, with surface
charge density Σ from −0.06 to 0 C=m2 (see Fig. 1). We
also considered surfaces with a positive charge, and
obtained identical results for homogeneous charge, but
different results for heterogeneous charge, as discussed
later. On homogeneously charged (“polarized”) walls with
a surface area of A, each atom on a wall was charged by
q=N, where q ¼ Σ × A is the total charge and N is the total
number of carbon atoms on the wall. The maximum charge
per atom, obtained for jΣj ¼ 0.06 mC=m2, was ∼0.01e. We
checked using density functional based tight binding [60]
simulations that the graphene structure was barely modified
by such a charge [51]. On heterogeneously charged walls
with the same area and charge density, n ¼ q=e random
selected carbon atoms were charged by an elementary
charge e.
We used the TIP4P=2005 force field [61] for water. Ions

were simulated with the scaled-ionic-charge model by
Kann and Skinner [62], using a scaling factor of 0.85.

For consistency, the charge of wall atoms was rescaled with
the same factor as for the ions [63] in the simulation.
Nevertheless, we used the unscaled charge for the later
calculation of surface charge density. Water and carbon
interacted through a recently proposed force field calibrated
from high-level quantum calculations of water adsorption
on graphene [64]. The systems were maintained at T ¼
298 K and p ¼ 1 atm. A Couette flow was generated in the
liquid by moving the walls with a constant speed of jVxj in
opposite directions along the x axis (jVxj ¼ 10–50 m=s).
We employed the same method discussed in Ref. [65] to
compute the slip length [51].
Results and discussion.—Figure 2(a) shows the evolu-

tion of b as a function of the surface charge density jΣj, for
homogeneously and heterogeneously charged graphene
walls. For comparison, results from Ref. [33] obtained
with a generic hydrophobic surface are also shown.
Consistently with previous MD results on graphitic

FIG. 1. Two surface charge distributions were considered in
this work: (a) homogeneous charge, with all surface atoms baring
the same partial charge (“polarized wall”); (b) heterogeneous
charge, with a fraction of surface atoms baring an elementary
charge.

(a)

(b)

FIG. 2. (a) Slip length b versus surface charge density jΣj:
simulation results for homogeneously (green circles) and hetero-
geneously (brown squares) charged graphene, and for a generic
hydrophobic wall with homogeneous charge (blue diamonds,
taken from Ref. [33]); Green and blue lines are fits with Eq. (1),
and the brown line is a fit with Eq. (2). (b) Slip length on
homogeneously charged surfaces normalized by the uncharged
value b=b0 as a function of the dimensionless parameter x in
Eq. (1); simulation results for graphene (green circles) and
graphenelike surfaces, either with different wettability (pink
triangles) or strained graphene (blue squares); all results are
fitted with Eq. (1), using a single value of α ¼ 0.165.
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Homogeneous charge

surfaces [66,67], the slip length on uncharged graphene is
very large, ca. 45 nm. Upon charging the surface, the slip
length decreases, but the effect of surface charge density on
slip is dramatically different between the homogeneous and
the heterogeneous walls. On polarized graphene, as jΣj
increases from 0 to 0.06 C=m2, b gradually decreases from
45 to 30 nm. On heterogeneously charged graphene, b
decays much faster, down by more than a factor of 2 for
only 0.015 C=m2. Finally, comparing the two homo-
geneous walls, graphene comes out as a more interesting
surface than the hydrophobic surface considered in
Ref. [33], combining both a larger slip length on the
uncharged wall, and a weaker charge dependency.
In order to rationalize the MD results, and identify

criteria for optimal slip-charge dependency, we developed
two models to describe the homogeneous and hetero-
geneous cases. For a homogeneous surface charge, we
reconsidered a calculation presented in Ref. [32], as
detailed in the SM [51]. This calculation is based on a
Green-Kubo expression for the liquid-solid friction coef-
ficient λ (related to the slip length through the viscosity:
b ¼ η=λ). The Green-Kubo formula relates λ to the fluc-
tuations of the friction force at equilibrium. By separating
the electrostatic and the nonelectrostatic contributions to
the friction force, one can show that

b ¼ b0
ð1þ αxÞ2

; with

x ¼
!
3πσlb0

σ2s

"
1=2

!
li
B

σs

"!
Σσ2s
e

"
2

; ð1Þ

where b0 is the slip length on the neutral surface, α a
numerical prefactor, σl the effective hydrodynamic diameter
of liquid particles, σs the wall interatomic distance, and
li
B ¼ e2=ð4πεidkBTÞ the Bjerrum length of the interface

(with εid the dielectric permittivity of the interface). Note that
α encompasses the unknown ratio between the corrugation
of the tangential electric force and the characteristic normal
electric field, which should, in particular, depend on the
crystallographic structure of the wall. As discussed in
Ref. [33], because friction arises mainly from interactions
between the first liquid adsorption layer and the solid
surface, the dielectric permittivity and corresponding
Bjerrum length li

B in Eq. (1) should be those of the vacuum
gap separating these two layers: li

B ¼ l0
B ≈ 55.8 nm at

room temperature.
To fit the MD results for homogeneous charge with

Eq. (1), σl was obtained from the Stokes-Einstein relation
between TIP4P=2005 water self-diffusion and viscosity,
characterized in Ref. [68]: σl ¼ kBT=ð3πηDÞ ¼ 0.214 nm;
σs was set to 0.142 nm for graphene, and 0.337 nm for the
generic surface. The only free parameters were therefore b0
and α. Equation (1) fits the MD results very well, using

b0 ¼ 45.1 nm and α ¼ 0.165 for graphene, and b0 ¼
5.48 nm and α ¼ 0.270 for the generic surface.
In particular, the model shows that the relevant character-

istics of the wall controlling the slip-charge dependency are
the uncharged slip length (the higher b0 is, the faster b
decreaseswithΣ) and thewall interatomic distance (the larger
σs is, the faster b decreases with Σ). For instance, graphene,
having a larger uncharged slip length, should display a
stronger slip-charge dependency than the LJ wall, but it
benefits from a smaller interatomic distance that overcom-
pensates the effect of the uncharged slip length. Therefore, the
behavior of graphene, which combines a large uncharged slip
length and aweak slip-charge dependency, canbe traced back
to the unusually small interatomic distance, and should for
that reason be quite unique. Nevertheless, Eq. (1) can still be
used as a guideline to search for other surfaces with
potentially favorable properties.
With that in mind, note that Eq. (1) differs in several

aspects from a similar equation introduced previously,
Eq. (12) in Ref. [32]. First, this new expression does not
rely on the assumption that the electric friction is small as
compared to the nonelectric friction. Even in the low
surface charge limit, the prefactor in front of Σ2 scales
differently with the uncharged slip length b0: b

1=2
0 here

versus b10 in the previous formula. Additionally, the present
formula now clarifies how the slip length depends on the
liquid and solid atomic sizes. To test Eq. (1) further and in
particular the predicted impact of b0 and σs, we considered
graphenelike surfaces where we varied independently these
two parameters. First, we varied the LJ interaction energy
between carbon and water atoms without changing the wall
structure, in order to change b0 for a constant σs. Second,
we considered artificially strained graphene walls, i.e., we
changed the interatomic distance σs while keeping the same
water-carbon interaction energy as for graphene (here b0
was also affected by the strain). When doing so we also
changed the number of wall unit cells in order to keep the
surface (and surface charge density Σ) approximately
constant, and always recomputed the exact value of Σ
[51]. Figure 2(b) compares the predictions of the model and
the simulation results, which match quite well and validate
the new model (details and a comparison with the previous
formula are given in the SM).
We now turn to the heterogeneously charged surfaces. In

that case, counterions can strongly bind to the charged sites.
In general, the fraction of bound counterions should depend
on the details of the surface physical chemistry and ion
distribution in the EDL. However, in the specific case of the
negatively charged graphene surfaces considered in this
work, all counterions were bound to a charged site, and
remained trapped during the whole simulation (we checked
that this remained true for a lower salt concentration of
∼0.13M). In that case one can consider that the bound
counterions belong to the solid surface and effectively
cancel the surface charge. Consequently, we can estimate
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surfaces [66,67], the slip length on uncharged graphene is
very large, ca. 45 nm. Upon charging the surface, the slip
length decreases, but the effect of surface charge density on
slip is dramatically different between the homogeneous and
the heterogeneous walls. On polarized graphene, as jΣj
increases from 0 to 0.06 C=m2, b gradually decreases from
45 to 30 nm. On heterogeneously charged graphene, b
decays much faster, down by more than a factor of 2 for
only 0.015 C=m2. Finally, comparing the two homo-
geneous walls, graphene comes out as a more interesting
surface than the hydrophobic surface considered in
Ref. [33], combining both a larger slip length on the
uncharged wall, and a weaker charge dependency.
In order to rationalize the MD results, and identify

criteria for optimal slip-charge dependency, we developed
two models to describe the homogeneous and hetero-
geneous cases. For a homogeneous surface charge, we
reconsidered a calculation presented in Ref. [32], as
detailed in the SM [51]. This calculation is based on a
Green-Kubo expression for the liquid-solid friction coef-
ficient λ (related to the slip length through the viscosity:
b ¼ η=λ). The Green-Kubo formula relates λ to the fluc-
tuations of the friction force at equilibrium. By separating
the electrostatic and the nonelectrostatic contributions to
the friction force, one can show that
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where b0 is the slip length on the neutral surface, α a
numerical prefactor, σl the effective hydrodynamic diameter
of liquid particles, σs the wall interatomic distance, and
li
B ¼ e2=ð4πεidkBTÞ the Bjerrum length of the interface

(with εid the dielectric permittivity of the interface). Note that
α encompasses the unknown ratio between the corrugation
of the tangential electric force and the characteristic normal
electric field, which should, in particular, depend on the
crystallographic structure of the wall. As discussed in
Ref. [33], because friction arises mainly from interactions
between the first liquid adsorption layer and the solid
surface, the dielectric permittivity and corresponding
Bjerrum length li

B in Eq. (1) should be those of the vacuum
gap separating these two layers: li

B ¼ l0
B ≈ 55.8 nm at

room temperature.
To fit the MD results for homogeneous charge with

Eq. (1), σl was obtained from the Stokes-Einstein relation
between TIP4P=2005 water self-diffusion and viscosity,
characterized in Ref. [68]: σl ¼ kBT=ð3πηDÞ ¼ 0.214 nm;
σs was set to 0.142 nm for graphene, and 0.337 nm for the
generic surface. The only free parameters were therefore b0
and α. Equation (1) fits the MD results very well, using

b0 ¼ 45.1 nm and α ¼ 0.165 for graphene, and b0 ¼
5.48 nm and α ¼ 0.270 for the generic surface.
In particular, the model shows that the relevant character-

istics of the wall controlling the slip-charge dependency are
the uncharged slip length (the higher b0 is, the faster b
decreaseswithΣ) and thewall interatomic distance (the larger
σs is, the faster b decreases with Σ). For instance, graphene,
having a larger uncharged slip length, should display a
stronger slip-charge dependency than the LJ wall, but it
benefits from a smaller interatomic distance that overcom-
pensates the effect of the uncharged slip length. Therefore, the
behavior of graphene, which combines a large uncharged slip
length and aweak slip-charge dependency, canbe traced back
to the unusually small interatomic distance, and should for
that reason be quite unique. Nevertheless, Eq. (1) can still be
used as a guideline to search for other surfaces with
potentially favorable properties.
With that in mind, note that Eq. (1) differs in several

aspects from a similar equation introduced previously,
Eq. (12) in Ref. [32]. First, this new expression does not
rely on the assumption that the electric friction is small as
compared to the nonelectric friction. Even in the low
surface charge limit, the prefactor in front of Σ2 scales
differently with the uncharged slip length b0: b

1=2
0 here

versus b10 in the previous formula. Additionally, the present
formula now clarifies how the slip length depends on the
liquid and solid atomic sizes. To test Eq. (1) further and in
particular the predicted impact of b0 and σs, we considered
graphenelike surfaces where we varied independently these
two parameters. First, we varied the LJ interaction energy
between carbon and water atoms without changing the wall
structure, in order to change b0 for a constant σs. Second,
we considered artificially strained graphene walls, i.e., we
changed the interatomic distance σs while keeping the same
water-carbon interaction energy as for graphene (here b0
was also affected by the strain). When doing so we also
changed the number of wall unit cells in order to keep the
surface (and surface charge density Σ) approximately
constant, and always recomputed the exact value of Σ
[51]. Figure 2(b) compares the predictions of the model and
the simulation results, which match quite well and validate
the new model (details and a comparison with the previous
formula are given in the SM).
We now turn to the heterogeneously charged surfaces. In

that case, counterions can strongly bind to the charged sites.
In general, the fraction of bound counterions should depend
on the details of the surface physical chemistry and ion
distribution in the EDL. However, in the specific case of the
negatively charged graphene surfaces considered in this
work, all counterions were bound to a charged site, and
remained trapped during the whole simulation (we checked
that this remained true for a lower salt concentration of
∼0.13M). In that case one can consider that the bound
counterions belong to the solid surface and effectively
cancel the surface charge. Consequently, we can estimate
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function of the fluctuating friction force F (t) at equilibrium [S16, S17]:

� =
1

AkBT

Z 1

0

hF (t)F (0)idt, (S3)

with A the interface area, kB the Boltzmann constant, and T the temperature. Equation (S3)

can be rewritten:

� =
hF 2i
A

⇥ ⌧F
kBT

, (S4)

where hF 2i is the variance of the friction force, and ⌧F the force decorrelation time defined

as ⌧F =
R1
0 hF (t)F (0)i/hF 2idt. The latter can be estimated as the di↵usive time of liquid

molecules over the characteristic spatial period of the wall corrugation �s, on the order of

the wall interatomic distance: ⌧F = �2
s /D, with D the liquid self-di↵usion coe�cient [S10].

The latter can be expressed with an e↵ective Stokes-Einstein law: D = kBT/(3⇡⌘�`), with

�` the e↵ective hydrodynamic diameter of liquid particles. Overall ⌧F can then be estimated

as:
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Following Ref. S14, we then separate the electric contribution to the friction force (due

to partial charges on wall atoms) from the other contributions. In the simulations, the non-

electric contribution arises from Lennard-Jones interactions, and will be denoted FLJ(t), but

this term generally takes into account all interactions that would remain when the surface

charge vanishes. The electric contribution will be denoted FES(t). The variance of the

force can be written: hF (t)2i = h[FLJ(t) + FES(t)]2i = hFLJ(t)2 + 2FLJ(t)FES(t) + FES(t)2i.

Because the potential energy surfaces from which FLJ(t) and FES(t) derive both originate in

the same wall atom structure, we assume that the time evolutions of FLJ(t) and FES(t) are

synchronized, so that one can write:

hF (t)2i = F 2
LJ + 2FLJFES + F 2

ES, (S6)

where FLJ =
p
hFLJ(t)2i and FES =

p
hFES(t)2i.

The LJ contribution FLJ can be related to the friction coe�cient �0 and to the slip length

b0 on a charge-neutral surface. Indeed, in that case, FES = 0 and one can write:
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Combining Eq. (S7) and Eq. (S5), one obtains:
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function of the fluctuating friction force F (t) at equilibrium [S16, S17]:

� =
1

AkBT

Z 1

0

hF (t)F (0)idt, (S3)
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impact of the surface charge distribution, which we
rationalized through analytical modeling. We then explored
the consequences of charge distribution on slip-enhanced
EK energy conversion, and predicted a giant performance
of polarized graphene.
Systems and methods.—We conducted MD simulations

with the LAMMPS package [50] to investigate the change of
slip length as a function of both the surface charge density
and its distribution. Here, we present the main features of
the simulation setup; technical details can be found in
the Supplemental Material (SM) [51]. We considered an
aqueous NaCl solution confined between two parallel
graphene sheets. Previous MD work [32,33,59] has shown
that the slip-charge coupling was not significantly affected
by the salt concentration, and here we used a constant
concentration ρs ∼ 1.3M in all configurations, unless
specified. The corresponding Debye length λD was ca.
0.26 nm. The distance between the graphene sheets was
∼10 times larger than λD, so that the EDLs of both walls
were well separated. We used periodic boundary conditions
in the x and y directions parallel to the sheets, with a lateral
box size of ca. 3.5 nm. We simulated both homogeneously
and heterogeneously charged graphene walls, with surface
charge density Σ from −0.06 to 0 C=m2 (see Fig. 1). We
also considered surfaces with a positive charge, and
obtained identical results for homogeneous charge, but
different results for heterogeneous charge, as discussed
later. On homogeneously charged (“polarized”) walls with
a surface area of A, each atom on a wall was charged by
q=N, where q ¼ Σ × A is the total charge and N is the total
number of carbon atoms on the wall. The maximum charge
per atom, obtained for jΣj ¼ 0.06 mC=m2, was ∼0.01e. We
checked using density functional based tight binding [60]
simulations that the graphene structure was barely modified
by such a charge [51]. On heterogeneously charged walls
with the same area and charge density, n ¼ q=e random
selected carbon atoms were charged by an elementary
charge e.
We used the TIP4P=2005 force field [61] for water. Ions

were simulated with the scaled-ionic-charge model by
Kann and Skinner [62], using a scaling factor of 0.85.

For consistency, the charge of wall atoms was rescaled with
the same factor as for the ions [63] in the simulation.
Nevertheless, we used the unscaled charge for the later
calculation of surface charge density. Water and carbon
interacted through a recently proposed force field calibrated
from high-level quantum calculations of water adsorption
on graphene [64]. The systems were maintained at T ¼
298 K and p ¼ 1 atm. A Couette flow was generated in the
liquid by moving the walls with a constant speed of jVxj in
opposite directions along the x axis (jVxj ¼ 10–50 m=s).
We employed the same method discussed in Ref. [65] to
compute the slip length [51].
Results and discussion.—Figure 2(a) shows the evolu-

tion of b as a function of the surface charge density jΣj, for
homogeneously and heterogeneously charged graphene
walls. For comparison, results from Ref. [33] obtained
with a generic hydrophobic surface are also shown.
Consistently with previous MD results on graphitic

FIG. 1. Two surface charge distributions were considered in
this work: (a) homogeneous charge, with all surface atoms baring
the same partial charge (“polarized wall”); (b) heterogeneous
charge, with a fraction of surface atoms baring an elementary
charge.

(a)

(b)

FIG. 2. (a) Slip length b versus surface charge density jΣj:
simulation results for homogeneously (green circles) and hetero-
geneously (brown squares) charged graphene, and for a generic
hydrophobic wall with homogeneous charge (blue diamonds,
taken from Ref. [33]); Green and blue lines are fits with Eq. (1),
and the brown line is a fit with Eq. (2). (b) Slip length on
homogeneously charged surfaces normalized by the uncharged
value b=b0 as a function of the dimensionless parameter x in
Eq. (1); simulation results for graphene (green circles) and
graphenelike surfaces, either with different wettability (pink
triangles) or strained graphene (blue squares); all results are
fitted with Eq. (1), using a single value of α ¼ 0.165.
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Understanding the mechanisms of liquid-solid slip / fric7on

Temperature dependence?

Ø Liquids: 

Ø Non-equilibrium simula1ons

with Cecilia Herrero, Gabriele Tocci, and Samy Merabia 

Ø walls: 

1.3. THERMAL TRANSPORT 17

(a) Hydrodynamic transport (b) Thermal transport

Figure 1.15 – Hydrodynamic and thermal transport schematics. We can measure the
hydrodynamic transport coefficients by applying a constant shear velocity Uwall generating
a linear velocity profile in bulk. Analogously we can measure thermal transport coefficients
by applying a difference of temperature dT between both walls generating a gradient of T
in bulk.

1.3.1 Thermal transport formulas

Although the physical processes that control thermal transport (of heat) are different
than the ones controlling the hydrodynamic transport (of momentum), the fields character-
izing both transports (temperature T for heat and velocity v for momentum) are described
by equivalent Laplacian equations (heat equation and Stokes equation respectively). In
Fig. 1.15 we can see that, as we generated a simple linear velocity profile in the bulk by
applying a constant shear velocity Uwall on opposite directions (Fig. 1.15a), an equiva-
lent linear temperature profile (typically characterized by its derivative, the temperature
gradient @zT ) is generated by applying a temperature difference dT between both walls
(Fig. 1.15b). In the case of thermal transport, the coefficient that characterizes the bulk
transport is the thermal conductivity �th, defined from the relation jh = �th@zT , with
jh the heat flux. With regard to the interface, which we will suppose located at zint, a
temperature jump �T occurs analogously to the velocity jump vslip observed for hydrody-
namic transport. As determined by Kapitza in 1941 [49], the interfacial thermal resistance
(also known as Kapitza resistance) is then defined from the relation jh = (1/R)�T , which
can be also described in terms of thermal conductance G = 1/R. Finally, both interfacial
and bulk transport coefficients can be put together in one single equation by imposing
continuity of the heat flux in the channel, obtaining:

�T = `K
@T

@z

����
z=zint

, (1.16)

defining at the interface position zint (which by trivial extension of hydrodynamic trans-
port equations it can be proven to be determined in terms of a Gibbs dividing plane, see
Chapter XX) the characteristic length `K = �th/G, typically referred to as Kapitza length.
The analogue equations between thermal and hydrodynamic transport are represented in
Table 1.2.

water methanol

generic apolar wall
(LJ wall)

graphene
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Viscosity

Ø MeOH: Arrhenius law

Fric7on coefficient?

Ø Temperature evolu1on mostly 
controlled by liquid type

Ø Same laws as viscosity, but with 
different parameters

Ø water: VTF law

Slip length 𝑏(𝑇) = 𝜂(𝑇)/𝜆(𝑇) ?

𝜂 𝑇 = 𝜂/ exp
𝐴

𝑇 − 𝑇0
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Slip length 

Origin?

Slip length decomposi7on

Ø Strong increase for supercooled water: 
Ø Graphene: x 5, b > 200 nm
Ø l increases less than h when T decreases

Ø temperature dependence of l controlled by dynamics

𝑏(𝑇) = 𝜂(𝑇)/𝜆(𝑇) 

1.2. UNDERSTANDING (HYDRODYNAMICAL) INTERFACIAL MECHANISMS 3

(a)

(b)

Figure 1.1 – ReDo

Under this assumption, taking into account the Stokes-Einstein relation between viscosity
⌘ and diffusion D:

D =
kBT

6⇡⌘Rh

, (1.4)

with Rh the hydrodynamic radius; the authors study its violation for supercooled liquids,
typically water (i.e. the validity of the approximation ⌘ / ⌧↵ or, analogously, D / ⌧↵/T ).
Notwithstanding, other authors consider D / ⌧↵, and by applying the Stokes-Einstein
relation suppose a viscosity temperature dependence of the shape ⌘ / T ⌧↵. Nevertheless,
the identification of ⌧↵ with ⌧GK is a delicate issue, first because both relaxation times
present different temperature evolution and second because the assumption of G1 to be
temperature independent fails for low T [78]. Therefore, an alternative description of ⌘ in
terms of relaxation times and T dependence should be proposed.

As in the case of viscosity, the liquid-solid friction coefficient � can also be related to
the autocorrelation of the equilibrium force at the interface through a Green-Kubo formula
[11, 13]:

� =
1

SwallkBT

Z 1

0

hF (t)F (0)i dt, (1.5)

where Swall is the surface area, kB Boltzmann constant, T the temperature and F the force
applied by the fluid on the wall. In Ref. 8, Bocquet and Barrat proposed a decomposition
of the friction coefficient in different static and dynamical quantities:

� '
S
�
qk
�

2D
�
qk
�
kBT

Z 1

0

⇢(z)V 2

FS(z) dz, (1.6)

where S
�
qk
�

is the 2D structure factor in the contact layer, evaluated at the shortest wave
vector of the solid surface qk, ⇢(z) is the fluid number density, VFS the amplitude of the
first mode of the Fourier decomposition of the fluid-solid potential energy, and D

�
qk
�

is
the collective diffusion coefficient. D

�
qk
�

can be expressed as D
�
qk
�
= 1/

⇣
q
2

k⌧⇢
⌘

where ⌧⇢

is the relaxation time of the intermediate scattering function F
�
qk, t

�
:

⌧⇢ =

Z 1

0

F (q, t) dt =

Z 1

0

D
⇢qk(t)⇢�qk(0)

E

D
⇢qk(0)⇢�qk(0)

E dt. (1.7)
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(a) Graphene walls (b) LJ walls

Figure 1.2 – Ratio between the friction coefficient � measured from non-equilibrium simu-
lations and the theoretical decomposition in static �STAT and dynamic �DYN contributions
from Eq. (1.8). We can observe that the ratio remains constant with temperature, meaning
a correct qualitative description of � temperature dependence by Eq. (1.8).

We can then rewrite Eq. (1.6) in terms of ⌧⇢ and the force corrugation fqkVFS as a product
of static (“STAT”) and dynamical (“DYN”) terms of the form:

� ⌘ �STAT · �DYN, (1.8)

with

�STAT ⇡ S
�
qk
� Z 1

0

⇢(z)f2

qk
(z) dz,

�DYN ⇡ ⌧⇢

2kBT
.

(1.9)

Note that we included the 1/(kBT ) term of the Green-Kubo integral in the dynamical
part; we will come back to that choice later. It is interesting to note that in Bocquet and
Barrat’s paper, for a Lennard-Jones (LJ) fluid, only one single decay time for the density
autocorrelation is considered, i.e. ⌧⇢ ⌘ ⌧↵, while in the case of water we will see that it is
of great importance for a full description to consider the total decay time, obtained as the
weighted sum of the two different decay times of F (q, t): ⌧⇢ = (1�A)⌧� +A⌧↵ [34].

We can test the validity of Eq. (1.8) by plotting the ratio �/(�STAT · �DYN) for the
water-friction results presented in Chapter XX Section XX. In Fig. 1.2 we can observe
that for graphene and LJ walls this ratio remains constant with temperature, verifying
the suitability of Eq. (1.8) as a qualitative decomposition of friction static and dynamic
contributions temperature evolution.

1.2.2 Friction terms temperature dependence

In the previous Chapter XX Section XX, we presented a quantitative study about
the friction and slip temperature dependence for water and methanol confined between
graphene and LJ walls. From this study, two main questions remain to be understood.
First, what is the main physical parameter that controls the temperature evolution of the
friction coefficient? Second, why bulk and interface have similar temperature dependence
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(a) (b)

Figure 1.12 – (a) Characteristic times measured from different approaches for bulk water
as a function of temperature. In continuum lines are represented their respective VTF fits.
(b) Characteristic times VTF ratio with respect to the characteristic time ⌧⇢ considered in
this work.

the temperature dependence of the slip length b = �/⌘, we will decompose the viscosity
into a static and a dynamic part in the same manner as for the friction coefficient: ⌘ =
⌘STAT · ⌘DYN, with ⌘DYN = ⌧

B
⇢ /(2kBT ) (in analogy with the definition of �DYN), and

⌘STAT = ⌘/⌘DYN. The slip length can then be decomposed as follows:

b =
⌘

�
= ⌘STAT

⌘DYN

�DYN

1

�STAT

. (1.14)

Fig. 1.13 illustrates the temperature evolution of the three contributions to � for water
on LJ walls and graphene. In this figure, the lines are obtained from the ratios between VTF
fits of the simulation results for ⌘, �„ ⌧⇢ and ⌧

B
⇢ ; specifically, ⌘STAT / T⌘/⌧

B
⇢ , ⌘DYN/�DYN =

⌧
B
⇢ /⌧⇢, and �STAT / T�/⌧⇢. We can observe in Fig. 1.13 that 1/�STAT increases when T

decreases for both interfaces. The temperature variation of 1/�STAT is slightly larger for
LJ walls (a factor of ⇠ 2) than for graphene (a factor of ⇠ 1.5). As mentioned above,
1/�STAT is controlled by S

�
qk
�
, which remains almost constant with temperature, and by

the integral
R1
0

⇢(z)f2
qk
(z) dz, which increases when the atoms of the contact layer spread

toward the wall under larger thermal fluctuations. Therefore, the stronger temperature
variation of �STAT for the LJ walls can be related to the larger extension of the density
profiles toward the wall at high temperatures. In bulk, ⌘STAT remains constant at high T ,
but it increases significantly when water enters in its supercooled regime, for T < 273K,
providing a large contribution (independent of the wall type) to the significant increase of b
in the same T region. As a side note, following our choice to include 1/(kBT ) in ⌘DYN, the
fact that ⌘STAT is constant in the liquid state corresponds to ⌘ / ⌧

B
⇢ /T ; we suggest this

correlation could replace more traditional ones used when studying supercooled liquids,
⌘ / ⌧↵ or ⌘ / T ⌧↵ (discussed in Subsection 1.2.1).

Finally, to understand the relative increase of b by ⇠ 2 times for the LJ wall and by
⇠ 5 times for graphene, we looked at the dynamic ratio ⌘DYN/�DYN. In Fig. 1.13(right), we
can see that for LJ walls the interface relaxation time increases more (i.e. slower dynamics)
when decreasing T than the bulk one, compensating the static contribution and resulting
in a smaller b variation. In contrast, for graphene, due to the surface smoothness, we see
in Fig. 1.13(left) that there is no contribution from the wall to the slowing down of the
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Herrero, Tocci, Merabia, Joly, Nanoscale 2020 

Temperature as a control parameter for slip

Temperature as a way to test molecular models of fric1on
(tradi1onal models predict a T2 scaling, see review by Bocquet & Barrat 2007)
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High temperature: effec7ve Arrhenius behavior 

𝑏(𝑇) = 𝜂(𝑇)/𝜆(𝑇) 

Lafon, Chennevière, Restagno, Merabia, Joly, PRE 2023 

Low temperature: giant slip length

with Suzanne Lafon, Alexis Chennevière, Frédéric Restagno and Samy Merabia 



Conclusions 
Understanding the molecular mechanisms of liquid-solid slip with molecular 
dynamics
Ø Theore1cal framework for finite-size systems
Ø Exploring frequency dependent fric1on è toward complex fluids

16

Op$mizing the charge-slip coupling
Ø Drama1c impact of charge distribu1on on the wall
Ø Polarized graphene as an op1mal surface for energy conversion
Ø Toward efficient energy harves#ng

Exploring the temperature dependence of slip
Ø Large increase of slip in the supercooled state
Ø Disentangling the bulk/interfacial sta1c/dynamic contribu1ons to slip
Ø Toward other exo#c behaviors in supercooled nanofluidics
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